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Exercise 6.1

Let H be a complex Hilbert space and A € B(#H). Show that A is self-adjoint
if and only if for all f € H
(f,Af) eR.

Exercise 6.2

Let, for t > 0, T; € B(L?(R)) be the solution map of the heat equation on
L*(R),

M) = <= [0 ay,

Show that for all f € H, t > 0 we have || T3 f|| < ||f]l, and ||T¢]| = 1.

Homework

Exercise 6.3

Let V € L®(R%R) be bounded from below, i.e. V(z) > —M for some
M >0 and a.e. z € RY.

a) Prove that for every f € L?(R%) and A\ > M there exists a unique u €
H'(R?) such that

Vo € H'(RY) : (Vu, V) + (V + Nu, ) = (f,¢),
that is, there is a unique weak solution to the equation

—Au(z) + V(z)u(z) + Mu(z) = f(x).

b) Prove that the weak solution u € H'(R?) obtained in part a) is an element
of H2(R?).

Hand in on 06.03.2024 before the lecture, or electronically (the filename
should start with your name) by 10:00 to jonas.lampartQu-bourgogne.fr.



